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An Improved Method for Numerical 
Conformal Mapping 

By John K. Hayes, David K. Kahaner and Richard G. Kellner* 

Abstract. A new technique for the numerical conformal mapping of a planar region onto 
the unit disk has been presented and tested by Symm. By elaborating on his methods, we 
have improved the accuracy of the numerical results by up to four orders of magnitude. 
For illustration, our methods have been applied to several of the same regions considered 
in the literature by Symm and Rabinowitz. A flexible FORTRAN code and User's Guide are 
reproduced on the microfiche card in this issue. 

1. Introduction. A new technique for the numerical conformal mapping of a 
planar region onto the unit disk has been presented and tested by Symm [7], [8], [9]. 
By elaborating on his methods, we have improved the accuracy of the numerical 
results by up to four orders of magnitude. For illustration, our methods have been 
applied to several of the same regions considered in the literature by Symm [7] and 
Rabinowitz [6]. 

In this paper, we numerically approximate the univalent function f(z) which maps 
the bounded, simply-connected region D of the complex plane onto the unit disk. 
Let L be the boundary of D and choose zo C D to be the point which is to be mapped 
into the center of the unit disk. It is known [7] that 

w = f(z) = exp[log(z - zo) + g(z) + ih(z)], 

where g and h are real-valued harmonic conjugates, and g satisfies 

V2g(z) = 0 for z C D, 

and 

g(z) = -log iz - zo I for z C L. 

The mapping function f(z) above is determined only to within an arbitrary rotation. 
This depends upon the branch of the logarithm used in the computation and the 
additive constant chosen for the function h. 

Symm [7] numerically solves the integral equation of the first kind 

(1) f (P) log Iz- II dvj = -log iz-zoj, z C L. 

This may always be done, subject to a possible rescaling of the region D [3], [5]. 
Then, for any z E D + L, g and h have the representation 
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(2) g(z) = f u() log Iz -t I dfl, 

(3) h(z) a (r) arg(z - drj. 

The function arg must be chosen in an appropriate manner [4]. 

2. Description of the Method. Our procedure for numerically mapping a region 
can be divided into two operational steps: 

(i) Solve Eq. (1) for the function a. 
(ii) Evaluate Eqs. (2) and (3) for each point z G D where we want to find f(z). 
Let the curve L have the parametric representation I (v(t), wt)) I t E (0, df with 

respect to arc length t. Here, d is the length of L. Define t(t) = v(t) + iw(t). With 
this notation, Eqs. (2) and (3) become 

rd 

(4) g(z) o (t) log Iz- (t)j dt, z E D + L, 

rd 

(5) h(z) = f -(t) arg(z -(t)) dt, z G D + L, 

where we have used o(t) for o(r(t)). 
Now, we will sketch how we compute the function a(t) numerically. A detailed 

development is contained in [11. Since c(t) is a function of arc length, we extend it 
continuously as a periodic function on (-, + co). For ease of explanation, assume 
a(t) E C3(- a, + cxo) and that L has no corners. Place on L a uniform mesh of n 
points (n even), each h = dln units apart. (In actual practice, one might wish to 
divide L into several sections. The mesh points on each section would then be uniform 
with respect to arc length on that section. See the user's guide in the microfiche 
portion of this issue and also Example 2 of this paper.) Define a set of piecewise 
polynomial functions p,(t), p2(t), * * p.(t) by 

pl(t) = (t - h)(t - 2h)/2h2, 0 < t _ 2h, 

= (t + h)(t + 2h)/2h2, -2h < t < 0, 

= 0, otherwise, 

p2(t) - -t(t -2h)/h2, 0 ? t < 2h, 

-0, otherwise, 

P2i+1(0 = pl(t -2ih), i = 1, 2, - - , n/2 - 1, 

and 

p2i(t) = P2(- 2(i - l)h), i = 2, 3, *.., n/2. 

Define also 6(t) c 1 E l(ih)pi(t). It is true that 
(i) 6(t) is a polynomial of degree two on [ih, (i + 2)h], for i = 0, 2, 4, * *, n - 2. 

(ii) a(t) o a(t) att = ih, for i = 0, 1, 2, ., n. 
n 

(6) (iii) a(t)- a(t) + 0(h 3) = E aipi(t) + 0(h3), 

where oi = a(ih) for i = 1, 2, *. , 
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Using the approximation Eq. (6) in Eq. (4), we get 
n d 

(7) E k M pk(t) log Iz - W(t)j dt = g(z) + 0(h3). 
k-IO 

The function g(z) = -In Iz - z0l for z E L. Thus, we can evaluate Eq. (7) at the 
points z = t(ih) for i = 1, 2, , n, and we will get n linear equations with constant 
coefficients for the variables -, 02, *.* , a,. Set A = (ai,) and B = (b,), where 

rd 

aik = P(t) log jr(ih)- ?(t)| dt, for i, k = 1, 2, , 

bi = -log I (ih) - zo for i = 1, 2, * n. 

With this notation, Eq. (7) leads to the linear system Ad = B + 0(h3), where 0(h8) 
is a vector, with each component bounded by 0(h3), and d = (a], 2, 

The matrix equation we actually solve is 

(8) As = B, 

where the elements of A are approximations to those of A. Using our representation 
for the pQ(t), it is evident that to compute A it is sufficient to evaluate integrals of 
the form 

(9) J ti log Iz - t(t) I dt 

for i 1, 2, ... , n and j = 0, 1, 2. The dii are the result of approximating the in- 
tegrals (9). For each fixed x, y and i, we approximate Iz - (t)j by a polynomial 
q(t) of degree two on ((i - l)h, ih). We choose q(t) so that 

q(t) lz- (t)12 for = (i - )h, (i - J)h, ih. 
Then 

t' log Iz - t(t)l dt 2 f t' log[q(t)] dt. 

The integrals on the right-hand side above can be evaluated explicitly. For certain 
special cases, for instance when iz - (t)j = 0 on [(i - 1)h, ih], the treatment is 
slightly different in that a higher order polynomial is used. 

We then solve the matrix equation As = B for the vector v = (T1, 72, , s 
and use this as an approximation to d. Then 

IId - I I < II(A' - X')BII + IIA_'II 0(h3). 

We have found by experience on numerous problems that the error due to 
A` - i- seldom if ever dominates the I IA-1110(h3) term. Another analysis [2] 
strongly indicates that IA'11 ?_ 0(1/h). 

Once a(t) has been computed, we may calculate g(z) and h(z). 

- d 

g(z) a f (t) log Iz - t(t)l dt 

t E tk / Pk(t) log Iz - t(t) I dt. 
k-I 0 
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These integrals are approximated as described above. The calculation of h(z) is 
more difficult. Using integration by parts, and approximations similar to those 
above, we are led to integrals of the form 

J(i-A t' arg(z - (t)) dt, 

where i = 1, 2, * ,n and j = 0, 1, 2, 3. The evaluation of these integrals is discussed 
in detail in [1]. 

The method set forth by Symm in [7] uses piecewise constant functions in Eq. 
(6) and evaluates the integrals in Eq. (7) by using Simpson's rule of integration. 

3. Tests. A FORTRAN IV version of the algorithm described has been coded 
to run on our CDC 6600 and CDC 7600. This program is more or less machine 
independent, has flexible input, and is general enough to handle a large class of 
problems. It is a modification of a program described in [1] which has been in use 
for a few years. A limited number of copies of this deck and a user's guide are avail- 
able from the authors. Using this code, we have computed some approximate con- 
formal maps for several regions, including some used in [7]. Since our technique is 
an extension of the method used there, it is appropriate to compare our results with 
those. All of the regions selected for test have substantial symmetry. We have elected 
to ignore this symmetry in our code in order to give utmost flexibility. Taking 
advantage of symmetry ought to enhance the accuracy by reducing the volume of 
computation. 

Symm has pointed out [8] that the maximum errors occur on the boundary of 
the region being mapped. Since points on the boundary have image points on the 
unit circle, it is easy to check the error in the modulus of an arbitrary boundary 
point. The data points themselves are constrained by the defining equations to be 
mapped onto 1wl = 1, hence we check for modulus error at points midway between 
each of the data points. The columns labeled ERR-MOD contain the maxima of the 
quantities I Iwl - 1! at these intermediate points. Computing the error in the argument 
is more difficult. Symm provides an estimate of this in [8], denoted EA. Our experience 
has indicated that as the region becomes less circular and more elongated, errors, 
particularly those in the argument, increase in a monotonic way. Since the numbers 
EA provided by Symm did not have this property, we considered them somewhat 
unreliable and decided to use an alternative technique. The columns labeled ERR- 
ARG represent the maximum difference in the argument at the data points between 
two computations, the second corresponding to the largest number of data points 
used for the domain in question. It is reasonable to examine the argument at the 
data points rather than the intermediate points, since the argument is not constrained 
in any way by Eq. (1). This procedure does yield the monotonicity we expect. In 
certain cases, analytic expressions for the conformal maps are available. It is then 
possible to compute the absolute errors in the argument exactly. These numbers 
compare extremely well with the approximate errors ERR-ARG described above, 
and constitute our main justification for this approach. 

Each of our test regions has its center point mapped into the origin. In what 
follows, h and n will have the same meaning as in Section 2. 

Example 1. Oval of Cassini. This curve is defined by 
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[X + 1)2 + y2][(x _ 1)2 + y2] = a4 a > 1. 

For a near 1, the curve is elongated and nonconvex, becoming more circular as 
a increases. For a = 1.06, the width to height ratio is about 5. Points are distributed 
uniformly on the entire boundary. The exact mapping is given by 

f(z) = az/(a4-1 + Z2)1/2, 

and we use this to compute errors in the argument. 

TABLE I 

Oval of Cassini 

a n h ERR-MOD ERR-ARG 

1.06 65 .11 2 X 10-3 2 X 10-3 

1.06 129 .06 1 X 10-4 2 X 10-4 
1.8 33 .34 1 X 10-4 1 X 10-4 

1.8 65 .18 1 X 10-5 1 X lo0- 

1.8 129 .09 6 X 10-7 7 X 10-7 

The maximum error occurs at or near x = 0. The errors near y = 0 are smaller 
by a factor of 1/100. The comparison with Symm must be made carefully, since his 
data points are for the most part distributed uniformly with respect to x rather than t. 
As far as we can determine, errors in the modulus are from one to four orders of 
magnitude better than those in [7]. We should emphasize that our distribution of 
points is poor. 

For a = 1.06, n = 65, Table II indicates errors for points inside the curve. 

TABLE II 

Oval of Cassini 

.a = 1.06 n = 65 ERRORS IN 
x y MODULUS ARGUMENT 

1.4 0. 6 X 10-7 3 X 10-5 

1.26 0. 6X 10-7 3 X 10-5 

1.12 0. 1X 10-6 3 X 10-5 

0.98 0. 2X IO-6 3 X 10' 
0.84 0. 2X 106 3 X 10-5 
0.7 0. 4X 10-6 3 X 10-5 

0.56 0. 7X 106 3 X 10-5 
0.42 0. 2X 10-5 4 X 10-5 

0.28 0. 5X 10-5 4 X 10-5 

0.14 0. 1X 10-4 4 X 10-5 
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Exampke 2. Rectangle. -1 < x < +1, -a < y 5 a. 
The case a = 1 was computed exactly by the use of elliptic integrals. In the other 

cases, we use a comparison with the most accurate computed values. Points are 
uniformly spaced on each side, with n/4 points per side. See Table III. 

TABLE III 

Rectangle 

a n ERR-MOD ERR-ARG 

0.1 516 4 X lo-5 

260 6 X 10-4 7 X 10-4 

132 5 X 10-3 6 X 10-3 

68 1 X 10-2 1 X 10-2 
36 6 X 10-2 5 X 10-2 

0.2 516 3 X 106 
260 4 X 10-5 4 X 10- 
132 5 X 10-4 6 X 10-4 

68 5 X 10-3 7 X 10-3 

36 1 X 10-2 2X 10-2 

0.4 260 3 X 10-6 
132 4 X 10-5 4 X 10- 
68 6 X 10-4 7 X 10-4 
36 5 X 10-3 1X 10-2 

0.5 260 1 X 10(6 
132 2 X 10-5 2 X 10-5 

68 2 X 10-4 2 X 10-4 
36 2 X 10-3 3X 10-3 

0.8 260 2 X 10-7 

132 3 X 106 5 X 106 
68 4 X105 8 X15 
36 6 X 10-4 3X 10-3 

1.0 260 9 X 10-8 
132 1 X 106 1 X i10 
68 2 X 10-5 3X 10-5 
36 2 X 10-4 1X 10-3 

Both ERR-MOD and ERR-ARG are monotonic with respect to n and a for 
a < 1. Errors in the modulus are from one to two orders of magnitude better than in 
[7]. It should be noted that for small a the distribution of boundary points is poor. 
This is true for most of the examples. The only reason for using the given distribution 
of points is to compare with [7]. Our experience shows that a good rule of thumb 
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for the distribution of boundary points is to keep the distance between successive 
boundary points and the distance from the boundary points to the center in a nearly 
constant ratio. Thus, for a small, we want more points near the centers of the longer 
two sides and fewer points on the shorter two sides. This can be done by dividing 
the boundary into sections as mentioned in the paragraph following Eq. (5). We ran 
the problem with a = 0.1 again, using a particularly simple redistribution of the 
boundary points. For a fixed number of points, the errors decreased by about 1/50. 
Using an optimal distribution of points, one would get more accuracy. 

Example 3. Ellipse. X2/l2 + y' = 1. The data points are uniformly distributed 
on the boundary of the ellipse. See Table IV. 

TABLE IV 

Ellipse 

at n ERR-MOD ERR-ARG 

1.25 257 3 X 10-8 
129 3 X l0-7 2 X 10-7 

65 4X 10-6 4X 10-6 

33 5 X 10-5 4 X 10-5 

2.5 257 3 X 10-7 

129 4 X 10-6 5 X 10" 
65 5 X 10'5 6 X 10-5 
33 7 X 10-4 9 X 10-4 

5.0 257 4 X 10- 
129 4 X i0-5 5 X 10-5 

65 7 X 10-4 2 X 10-3 
33 6 X 10-3 5 X 10-3 

10 257 4 X 10" 
129 6 X l0-4 6 X 10-4 

65 5 X 10-3 6 X 10-3 

33 1 X 10 2 6 X 10-2 

20 257 5 X 104_ 

129 5 X 10-3 6 X 10-3 

65 1 X 10-2 3 X 10-3 

33 7 X 10-2 5 X 10-2 

Again, we note monotonicity with respect to n and a for a ? 1, with maximum 
error near the center of the side intersected by the minor axis. Improvements over 
[7] are from one to three orders of magnitude, with the least improvement for a =20. 

Example 4. Isosceles Triangle. The corners of the triangle are at (0, 1), (2, 1), 
(2, - 1), and (0, 0) is mapped into the origin of the unit circle. There are equal 

numbers of points on each side. 
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TABLE V 

Triangle 

n ERR-MOD ERR-ARG 

65 1 X 10-6 
33 2 X 105 6 X 10-, 
17 2 X 10-4 9 X 10-4 

4. Timing. There are three operations that are important as far as timing is 
concerned: (i) generating the matrix A of Eq. (8), (ii) solving the matrix Eq. (8), and 
(iii) evaluating the function f(z) at a given point. The time required for (i) is propor- 
tional to n2 and is about 0.85 sec** for n = 200. The time required for (ii) is propor- 
tional to n' and is about 2 sec for n = 200. The time required for (iii) is proportional 
to n and is 0.016 sec for n = 200. 
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to go to a more exect representation.of this cection of LI 

Thus, there ore three wvys to epproxiaete 3 bowr4oty section. 

it. Hwt amy mesh points are to be required on this section? See 

Fig. 1. 

10.,1, 

I~~~~~~~~~~~~~ 

Fig. _ Example 



In the exn:aple there are three sections naturally imposed by the ge- 

ometry. Sections I,\znd III "re exnctly represerntdd by line egments And 

Section II by a circular arc. 

On the deta cards e line seginent is define4 by giving its two end- 

points. A circular arc is defined by giving its two endpoints and any in- 

terior point on the arc. This defines the type of Ppprox4ntion used for 

that boundary section. 

The date card is seven fiel 3ng. Each of tIe first six fields is 

ten characters.in length and is rend with n E10.0 rormat. If a card is 

used to describe a line segment, the first four fields are useadfor the 

(x,y) coordinates of the beginning and end of the segment. The fifth and 

sixth fields mast be blank. If a card is used to describe a circular arc, 

the first six fiqlds arc used to give the- ?x,y) coordinates of the beginning, 

inteor, and endpoint of the arc. The\tndpoint of section k (corresponding 

to d card k) mast agree with the initial point of section, k4l.(data cart 

k4l), Ia the endpoint of the lest bounndry section mat agree with the initial 

point of-the first boundary section. 

The input for the curve L must have a positive (counterclockwise) 

orientetion. The sam orientation sufficeis for interior or exterior probleis. 

The direction of the Iurve L is determined by the order of the points on the 

date cards. The direction for a lSne segment or circular arc is from the 

initial point to the endpoint. It has been our experieme that errors in the 

orientation of L are difficult to detect. 

Tht seventh field on the data card determines the er of weth points 

a5 per section. These points are uniforly distributed with respet to arc 
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length along the npproximottng curve. This nuete i's read with an I3 

forjat in columns 6163. -It anust be odd end equal to three or more.- 

One possible set of data cards for the curve given flTig. 1 is 

. ~ ~ _ _ _ _ __ _ _ _ _ _ _ .9 ttt 
; 

|* 

Note the positive, counterclockwise orientation. 

Ps a convenience, one can leave the first two fields blank on a data 

card- used to describe a line segment or circi4r arc if the previous.cerd 

was either a lne segment or circular arc. In equivalent set of data cards 

for Fig I is t1ken 

The next two sets of data cards represent input io the'rectnngle givun, 

in Fig. 2. the natural sections are line segments, bat in the second 

data set below?' the long sides of the rectapgle have thetseivee ben diviided 

into three sections. This ellows for a difftret 'mas spacin, it desired, 

on eeh setion. 



Fig, 2.' Elongated rectangle, 

_~~~~~~s COLOMDi 

' i ~~~~~~~~ b ~~~I A _3 iL _ * A - _ 's,_*<3- 

A - - 1-& -A|e#W - '6 A ' --' 

4 --.tW>Z^@l .~~~~~~ Ao54> T --54 LA .L-L A -A- Is &-a- -A A.-- 



OccPs-isonlly, it is not sntisfactory to represent a section of L by 

ither it line segint or a circuWrarc. In tb&t case logeneralized' boundart 

input for that section is available in the.torm of a user Qovided subroutine 

EH)R. When lne senents pd carcuar aes are the onlyype- of input used, 

BRY nappears as a pro that is referenced, but not loaded. This is mnal 

tW v1Jl caue no difficulty. 

Suppose that the user decides to use "generalized" btmndary data on the 

Ith and Jth section. He mIt then write a subroutine ofthe t,=an 

* tRl mmnzn owr%,x,x,n'W,YP ,v).' 

Input to this subroutine vill be K and T . Dependig on when it is calned 

K vill take on the value I or J .T win be a real amber raning fr 

zero to the iength or the Ith cabieterval. The pair of Asbers K, T then 

uniquely defines a point. T units i the positive direction alog the X 

subinterral. If we denote that point by (X(T) ,Y(T)), the output of BIR is 

* Y*(T) 
dT 

To ke the orientia caect (Y - XP) mast be the extrior noral at (X,!). 

To define the itt section as being givmen wby a. b y 

the Ktb'data card uit ie n clas 51-6 the are l o f tbat sectian. 

Colas 1-50 mast be blat en the of ash pointa as befoe In 

* obs 61463. 

It is a1.s p ible to 4 sectios of L by r s otbr then 

limes r circar ares. In tM t case, the I ra vaa t tbh 

wmtns of the w t cave, ed 8 vculA be its iength. 
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B-y svV of iPustration we aive the inrut data and BDY :or the exle 

of Fig. 1. 

.~~a~ ba1 n tarn Or ! 2f 
'-core' (I~ ~ ~ ~ ~~~~PA 

o 

FORTRAN STATEMENT 

H______ a. ? s_d4 1/"2h) 

I _ _ __ _ K ~ 0 - _ _ - - _ _ 

t-i h'I J h* 1 ;W.) 

sr - _ 

01 *, w o 
'-'--! 

___ _ 1 - --1 ,.", .) _.-n. 

a~~~~s a 

;______ :_____ _____ .---- - - 

S4 an* 

It IS, of camse,o nec.ssw for thenn to spey cat the.' lus C 

the gmlzVbiyscln. 



Storage ,Rc.uireantsi 

The present CQP revires about 570008 w&1 of central metry. This 

inh .ludes all the subroutines, associattd syteam prograzs, and internal 

dimensioned4varIables, but dmas rot Include the mmior storge needed far 

the matrix. A of Eq. (8).' If there re a total of n mesh points on the 
2 boundar then ni * 15001o wrds didditional are needed. ThQ has been 

written to allow utant flexibilit> in selecting the site fbr this storae, 

All the referenes to this &ta are through a subroutine lD with- 

toral prameters 

ERID(A,K,L,K) 

end wdditional entry point fl+ 

If the user operates on the IASL systes with Extended Core Stora , 

(MM) avilable, this subroutine is generated by the systea and he need not 

be concerned with it. Xis Only requirerent is to request a + 155p0 icrdx 

of' fl and observ the restrIcton that a % 630 unless present dimsoeni 

statmunts e changed. 

If n c '20Oj the entire proble can be run in 2e>008 words oi central 

mtry. This is eaeily d by inserting into the deck t3R subroutine C*, 

a eopy of which is included ir the listinp. In that subroutine te dimoslat 

of the loeal varble A mat be at least n1 + 1500f Prolles with 

smler. n vill run In ev" les cetral mnery after the appropriate 

.t<justmt hav been a to thi dimnsian stew t. 

* Users wos facilities probIbit the use f flS or evn 20008 wrds 

*AlU refterence equatin we In "An Isproved Ketbod for Numerical Cootornl 
M iS.* 
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of centrel meory wll rind it possible to rcrlte thLetlr own version of 

d!Semure FCD to store T on tape or disk. To -rn a given problLes 
2 the routice ECRD will need n + 1500 vords or so= type or evelisble 10 

storagp. The entry point ECWR(t,M,L,K) should store L wCrds From central 

memory starting .t location A 'ln evatl4ble storage starting at location 

X, The entry point *ECD(A,14,L,K) should reod L words from available 

storege starting at location 14 and store them starting at location A 

The variable KC is only used to eXe the subrouttne conpatible with the 

IASL system. K Sihould merely be set equal to 0 on epch entry. 

To effect the cdtfor'rl mpping it i. necessary to cesl SUWC =TI 

CONOF4(XO,YQ,K). Th p :*ters (XO,ro) define the point that w,wish to 

ap Into the origLn of the unit circle. The input pareater X can take on 

values 0 or 1,. ad det&trnes whether an Interior or exterior problem is 

to be solved. For K - 3 , e exterior problem, X0 m YO are not used 

in the cakulat, The call to this subroutine triggers the coding that 

will read in the date cards describing 1) (discussd above) snd perform 

the calculatLons necessar to*solve the tntegal equation of the first kind 

for the potential ttntion i(t). The input date vill be printed so that 

visual checks can be made. The only other printed oatput is a few posible 

error. siap based on sow consistency checks that ae ate on tbe data. 

ALI the other imadm fly available output, of hich there is a wat deal,, 

resides In a OCEm block thet the user ant r*fer to (an below). 

Afte the cell to CCK ha been coqfetef, the iw of any desired 

points can be obtainS by cailin 

sun m n(xN,rzyz) 
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with input X,Y The outputD R,? contains the imS of point (X,Y) 

under the conforual sep Just executed. The -tmgc point is given in polew 

coordinntes (R,9). This subroutipe &becaIed as t'ny.ties as necessry. 

Tw restrictiona on the use of ?TN are s 

(1) For iwerior problenaw, points (X,Y) outatde D + L should not be 

&iven as input. For exterior problem polnts inziWe D + L should not be 

given, 

() Becruse of codihg peculiarities, not.all points 4a L cpa be 

gven as input. The only coqletely acceptable input ponts on L re 

&hose appearing ss meh points on the boundry. Points halfway (in are 

length) between tbe mesh points are also acceptablcj, but the value of T 

returned will bs wrong. It is sugsted that users wishing the Ig of 

bour4ary points other than mesh po4nts perform quadratic interpolatice 

through the mesh points. Errors in. R end? are usally greatet fbr 

points near th bounary cld st for points near the center of D. 

Exception to this are nsh points. 1nlems tbe nearest boundary.section 

Is a stright lin, vwlues of it and T obteined withinb h/t of the burAry 

should not be tnstd. 

Tben ar four labelled eaos blocks used to store interpatee data 

by the OW. They are called COUF ) ZIfp, and IU. The card 

iaps ae in Fig. 3. 

FL. . CordvsuuImvam.unsC nhm raml.~aumn 

- Y LW fi 

* n.. 5. car no or coeon ts4+t 
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MDE contins only the vArinble [N where the third pz'recnter in the call 

stateaent to CONfMM is stored. Thu IN ) F or interior probleas, ard 

IN - 1 for extertor proble7. The lAbellcd co&mcu .2PLSP is u;ed to trnns4sit 

Information betwee'subroutines. A user would probably never need to interact 

with these variables. Phe labelled coesn CON? contains the variebles or 

mrst interest,to the user. The variable MDC is used to store the numbet 

of boundary sections for a glven Fproble. For Instance, for th extxumple ia 

Fig. 1 MX T.3. he <iaensioned variable KV ts used to give a nmning 

total of the number of approxiuetion points on the boundary sections. We 

have xV(1) - a and K(J+l) - KV(J) is equal to the rwaber of apWoxi4atton 

points on the Jth boundpry section. -ftr th input iven for th cex > 

in Fig. 1* have Kv(i) . o, Xv(2) - 31, KV(3) - 116, end KV(4) - 147. 

The variable A Is the totl. nuter of approxtcattb points for a given problem. 

Obviously N -xV(QD+l) .. Thebtiuecsionad veriable HD i used to store t 

8istence betweep approxiumtton pointa along the curve L Pr mech of the 

boundary- ections gIven n iut. For the exeq$lt in Figj 1 e ave 

EXtIL) - uD( ) 1/30 and aID2) a -n(l + i/6)/84.. The variable XO end 

the coo dinetes of the inverse ip of tjo origin for n -'totis pmbl 

F n exterior problem these two rnurs are set equal t zero. m. iiC- 
sioned variables X(I), Y(z), I - 1, 2, ... a, N e coordiates of the - 

mttm point. For oay given section ther ae tvwo approximtto 

points at the ends of the bsctia and the other ppritton points 

*for that b r e eallr aced witb respect tc art\engtt) along the section. 

Weme ve afip r point this wy, It is true tat [X(KV(J+rl))., r(n(Jn))I 
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X(Zl(V + 1) * 1), YIKt(J * 1) + )1 for J = 2, 3, ..., pX-I cr4 

tX() ,Y(i)J - C[X(),r(n)]. It MY seen nwtetti to the :ser to have tw o bt. 

of toordintes for the an poit, 'bt it ks) the projra?dg logic rich 

sawle for certain ses rex , viat llow for disconttnuittes in 

the taft nosl for L at corners and -*e -ust aJlow for discct,umities in the 

vales of a at corners Br deflnis o arroxtion poInts in the dboe 

-D it inke the.?dexfrg ach eaiera inthe cses. 

- For I -I, o, J.,I, we have that tn),' tO)] is the unttr C 

vetor tar L at the point [X(l), r(i)fT. S po at le of GE, at th 

poiht {(X(I), r(I)) is gtarS in the 4?msiaid twriablU 7(I) tr, I' 

2, .., i. For sternor praW ns 7( + 1) ctadLns the lepritba of the 

a " intotraisfinite dintc, F is also usat for intenediate 

tics in C 

-*r I I the vaiable GUI) catainshe V e of 

C. thi+e poit Bxi), (e)]n. 3 a eac wceuive 
Let~~f 

pvr Q f points ca m& b&I?nIn secttax vi stwethe J-ncati of 
an tcmthe( i at 6. eapmt?n 

a the bcaandar~ 1.. The eoozt.cates Of the i nte i nte 

are the djv-6lnee ?X,Y1E . and u:* c 
f.L i torod in- (X,fh=j the a the on I. 

bat he pInts (1(), jr(iL)] e[x(2), 7(2)] staa a rdtt 
s [n(2) fl(2)] -S the U dtm at that p61st is (nE(2) -jY(2)) 
)mcam* of the S Is tAck A store qrw~.in points, ts.o 

(u (J) .l), n(u(J) + I)] for J. 1, 2, ... NXD re mot e 

the rz n(q+ 1) r(v ] M t n deiL 

Hm~~~~~~~~~~~~~~~vq JLz q, (T ' ' , 

*=id itmuls fCtrI(s) we star t) CD 



fli-mtalbs CI .* are eqpdfl1ereed to t nr'ble ; v wh4 i 

re.peeyLzlr aS Preo also u te t14t St. -n. 

S. fLbefled ~ ~:. &utA1 c t ?m ast I o tsrisol. DCW.\ 

Ir(o . tr 2s 1, 2, ..., n} ctaisstbe t tc lerA te of tb JO t p$tiyh 

.eet; 



CONFORMAL MAPPING 1 
HAYES. KAHANER; KELLNER 

PROG"M NEME (*wuTOuTrri Nt,ME 10 
C TEST FOR CQWFORMA L ..44Pt1G PACKAGE NEME 20 
C CnMOa CN'F IS NEEDED TO COMUNICATE FOR LL CAoLCULATONS NEME 30 

aWCH jctpiFf FWU).XO.YO,CD().CsNm,KVq4, ne210,twi}m, NEME 40 
1 XWSI XklS3YEm)YW630XuESS.XINE ,YJO YIN4*W.ND NEW SO 
2 Cm ( NEMPE 60 

C D FINE POINTS JO SE MAPPED IVTO THE CENTER OF TE aRCLF NEMlE- 70 
X~YO-vO NEME so 

C SOL IF THE INTEGRAL EQUIA TION FOR SIGMA. FOR THIS PROBL EM THE VEME 90 
C 'BOUDARY OF THE ELLIPSE IS DEFINED BY A USER SUPPLIED SUrBROUTINE NEME 100 

CALL CONFORM EXOV.O.I NEME 110 
C PRINT SIGMA. NEME 1f0O 

PRINT S roM no 
- PRNT 6. (F6MI*'1Nl NEME 140 

O-EXP(F(N+i)) AEME 160 
C PRL%T TRANSFIVITE' INAMFTER. STORED LV F(N,uV+ NEME 160 
C THIlS IS AN EX7rPROR PROBLEM NM-HF 170 

PRINT 4, 0 NEME ISO 
PRINT 5 NEME 1i 

C f7VD THE 1W14GES OF VI&RIOUS BOUNDARY POINTS NEME 200 
DO 1 M-1INDC NEME 210 
M1-KVIMI*2 NEME 220 
M2tKV(M+ 11 NtME 2o 

C- FIND THE 1.MAGOS OF BOLWDA RY MFSH POINTS NEVW 240 
CALL FN EXIMI{ I,YP,M- 1I.R,THI NEME 250 
CALL OUT? (R.THI NEME 260 

DO 1 K-1,bM2 NEME 270 
C TH'D TfE 1M4GES OF POINTS IVTFRMEDIATE TO MESH POINTS YEME 2?80 

CALL FN (XIlKI.YI(KI,R,THS NEW 20 
TH-123166 NEW S3 
CALL OUTP {R,THI NEW 310 
CALL FN IX(KI,Y(KI,R,THS NEW 320 

1 CALL OUTP (R.TH NEME 3D 
C THE FOLLOWING CALL LEARS THE OLtTPUT BVFFER NAVE 340 

CALL OUTC IR,THI NEME ZO 
C THE FOLLOWIVG DO LOOP C(*fPUTS THE CONFORMAL MAP OF THREE NEVE 360 
C SEPARA TE PROBLEMS. VEME 370 
C I A RECT4.VGIE WITH THE SAME NUMBER (If' POINTS PER SIDE. NEIE 380 
C . SAME RECTANGLE WITH A DIFFERENT DIS7WJFVTO.V OF BOUNDARY NEMF 590 
C P01%IS NEME 400 
C 3 A CIRCLE WITH A 160 DEGREE SECTOR CUT O.u NEME 410 
C WE FIRST TWO USE STRAIGHT LI-E BOUNDARIES. THE LAST UISFES NEMA 420 
C STRAIGHT LINE A4N CIRCULAR ARC BOUNDARIES N.AME 430 

DO 3 1-1,3 NEME 440 
IF (IEQ.3M YO-.4 NEW 450 
CALL CONFORfM XOXYD,O) NEt 460 
PRINT S NEW 470 
PRINT 6. (F(M1M-1,NI NEW 430 
PRINT S NEW 490 

DO 2 M-1NDC NEW 500 
M1-KV(MI.2 NEME 510 
M2-KVIM* 1) NEME 520 
CALL FN IXIMI{ I),Y(M1 1),R,TH ?4ME 520 
CALL OtJW (RTH) ?4ME M0 

DO 2 KM1,M2 * NEME SO 
CALL FN (XIlK.YI(KL.R,TH) ?4ME MO 
TH'12345. lOME 510 
CALL OUTP (R,TH) MEME SW 
CALL FN (X(KLY(KI,R,TH1 MEME 50 

2 CALL DUJTP (RTHS MEME GM 
CALL OUTC ER,THI PEEE 610 

3 CONTINUE NEME 620 
C NAME -630 
4 FORMAT (' *rTRANJSFINITE OIAMETER * *.ElS8 NEME 040 
S FORMUAT r"oi NEME 650 
6 FORMAT (IN 1Pfl15.71 NEME 660 

END NEME 670' 



CONFORMAL MAPPING 2 
HAYES. KAHANER, KELLNER 

SUBROUTINE OUT? R,THI OUT 10 
C Ot'PLUTSUBROuT7NE FOR TEST PROGRAM QUT? 20 

DIMAENiON DATE101, SCODATElO OUT? 30 
DATA NUMSIG OUT? 40 
DATINUCS 1-R OUT? s0 
DAT(NUMI.2)-T14 OUT? 60 
NISS-Nd1.+2 OUT? 70 
IF (NUIB.NE.109 RETURN OUT? so 

I NUMJ- OUT? 90 
00 2 1-1,10 OUT? tO0 
ENCOOE 10AC0ODAT(IMDATI1) OUT? 110 
IF (DAT(I).EO.12346. SCDOATlI)-1H OUT? 120 2 CONTINUE OUT? 130 

PRINT 4, (SCOOAT(I1,I-1.101 OUT? 1 
RETURN OUT? IS0 
ENTRY DUTC OUT? 160 

.3 IF (WuBEO.1o) GO TO 1 OUT? 170 
DATINUlW1 11-12346. OUT? 100 
OAT(NUlSS+2).12346. OUT? 190 
MUMS-NUin.2 OUT? 2l0 
GO TD 3 OUT? 210 

C f l'7P 220 
4 FOMAT (10t2XA1011 OUT? 230 
S FCMAT IF 107 OUT? 240 

ENS. OUT? 260 

SUBROUTINE BDRY (MS,X,YXPY,Y,V) WRY 10 
C GENERALlIZED BOUNDARY ROU77NE FOR CONFORMAL MAP OF ELLIPSE BDR)' 0 
C DIFFERLNVT SUBSECTONS ARE TO U;TLIZE SYMMERY ON CURVIE TO BDRY 30 
C AVOID REPEATING CALCULA4 OT S BDRY 40 
C El.lI IS AN ELLIPC INTEGRAL SUBROTNE NEEDED IN THE CALCULATIONS BDRY 50 
C FOR TIlE BOUNDARY OF THE ELLIFSE BDRY 60 

DATA IFLAGOW ONY 70 
IF (IFLAGE,A1) Go TO 1 SOY s0 

AAsw& SOY 90 
EK.60NT124215. SOY 100 
CALL ELLI (1.57079632,EK,Z1,ZZ) SoNY 110 
8L044"2 SONY 120 
IFLAG-i SOY 130 

1 OF OTIF 8tGT.BLW1.0f1) GO TO 2 SOY 14 
S1-62-1, SOY 1SO 
T-6 WORY 10 
GO TO S SOY 170 

2 IF IS.GT.81042.000000021 GO TO 3 SOY ISO 
SI-1i. SoNY 0 
S2f- 1. SOY 200 
T-2B00000002BL04 S SOY 210 
GO TO 5 BDRY 220 

3 IF ItSGTSLO43.00I GO TD 4 SOY 230 
51-. 1. BSY 240 
S2-- 1, SOY 2s0 
T-6 2.OOSLO4 BSRY 260 
Go TO S BDRY 270 

4 S1- 1. SOY O 
S2-1, SORY 20 
T-4,000S001.4- S SOY 300 

S-, TMI-. SONY 310 
TMA-1.57079632 SONY 320 

DO 6 .1-1,40 SOY 33D 
Zl-.50MA.TMII SONY 310 
CALL ELLI IZI.EKZ.SI) SOY 360 
IF ISI'AA.GE.T) TMA-ZI WORY 30 
IF (SI-AALE.TI Thill-ZI SRY 370 

6 CONTINUE SOY 30 
X-. AASNIZ1)5i SOY 30 
Y-SORTI1, (XIAA)**2)OS2 SOY 400 
A2-Y'AA2 WRY 410 
XP-. A2ISORTIAr2ax*X 2X WRY 420 
YVPXiXORTIA2 2*X--2) WORY 430 
Vw5AA*41X'*4aA2A*2))*'1.5 SNY 440 
F-a SOY 460 
RETURN SOY 460 
END WRY 470 
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HAYES, KAHANER, KELLNER 

SUBAOUTME ELLI ICHICAY.E) ELLI 10 
c Tn: FOLLOWING ROUTNFN IS AN ELLIP77C INTGRAL ROUTiNE USED ONL Y IV ELL] 20 
C THE CALCU^L4nay OF THE BOUSDARY OF THE ELLIPSE ELLI 30 

DIMEPON MIESIISiIOi, MESL2I101 ELLI 40 
DATA MELGI/SGIELLI - KGt. ONE F-IPHI ELLI SO 
ONCELLI K.0.T. ONE F-E4I I ELLI 50 
DATA MESG2/50HELLI- K-I.PlI.GEPII2AO F ET TD SlGNM(PH10.ED*4i ELLI 70 

I HELLI - K-1. SO F SET TO 1.E* I ELLI 50 
DATA P1 2.PTOPI1 ------- 3 18,1142061B.315l7t,1717i50570 ELLI 90 

1 3334471081 ELLI 100 
DATA EPS,EPS1.E- 132.E*131 ELLI 110 
PHkOCHI ELLI 120 
IND-1 ELLI 130 
FHI ' ELLI 140 
E-F ELLI 150 
PSI-AWPHI) ELLI 150 
IF ((I.LT.EPS).OR.CAY.ECOJ RETURN ELLI 170 
SLi-CAYCAY ELLI 150 
RAO-1.. SI ELLI 190 
IF (RAD) 10.9.2 ELLI 200 

2 ALPHA-1. ELLI 210 
BETA4WT(RAD) ELLI 220 
52-0 ELLI 230 
PR2-1. ELLI 2 
PWtR2-1. ELLI 20 
FINT-PSI TOP ELLI 
MXI AO-IMTFINTI ELLI 270 
FINT-FINT. FLDATCNOtJAD) ELLI SO 
IF AMINMlFMT,l.. FIP4ITLT..SE. 13 9 TD 6 ELLI 290 
TANMPS-TAMIPS) ELLI 30 
MOUAO-NOUAD 1 ELLI 310 

3 IF 1A4ALPHA BIETALLEEPS) GO TO 7 ELLI 320 
PWR2-2tW*2 ELLI 33D 
PR2fWtR2 ELLI 340 
DEM -ALPHA. BETA1TAMPSI *2 ELLI 350 
TOP-(ALPHA.BTA)TANP ELLI 360 
CN-5.IALPHA BETA) ELLI 370 
Sl-61PVVR2*CM'CN ELLI 0 
TEMPCTALPHABETA) ELLI 
ALP4A-ALPHAE-ETA).5 ELLI 400 
BETA-TEMW ELLI 410 
IF IDEONM.EO.0.) GO TO 4 ELLI 420 
TAMPSl-TOPlDEONO ELLI 430 
IF AB4TANPS1).GE.EPS2 GO TO 4 ELLI 440 
NOUAO-2rMXtAD ELLI 460 
IF (TAMSPLGT..) MOUA0-WOUAD- 1 ELL E 4I 
IF 1A4TANMPS.LE.P GO TO 5 ELLI 470 
MOUAD-MOD(MOUAIDA) ELLI 40 
SIMP-TAMPSlJSORT l .+TANPl TAMSf) ELLI 490 
IF IIMOUAD.EO.3).ORSMOUAO.E02)) SlNP-IMW ELLI 50 
&2-S2+4CNrNP ELLI 510 
GO TO 3 ELLI 520 

4 FOINT-2rMXOAD- 1 ELLI 5I0 
PIS-FINTP12 ELLI SOD 
SIMP 1. ELLI SO 
IF IAMOOXFIMT.4.).GT.2.1 SLI-- 1. ELL E 560 
S42-62+CNIMP ELLI 570 
GO TO 6 ELLI SW 

5 FIMNT-MCOUA ELLI 550 
PSI-FINT" " ELLI 6M 

6 IF (A4ALPHA BETA).LT.EPL) Go TO S ELLI 610 
PR2-2. PR2 ELLI 620 
CN-.5flALPHA- BETA) ELLI 6 
S1SliPRCM"CN ELLI 640 
TEMP-SORTALPHAOBETA) ELLI 650 
ALPHA-(ALPHA6ETA) .5 ELLI 660 
BETA-TEMW ELLI 670 
GO TO 6 ELLI 6O 

7 FINT-NOUADI2 ELLI 65 
PSI-ATAN(TANPSl)*FINTPI ELLI 70 
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HAYES, KAHRANER, KELLNER 

S FSII(ALPHAPHR2I ELLI 710 
SI-t. 0.S*Si CLLI 720 
E462+.1F CLLI 730 
F4SIGN(FPHI) CLLI 740 
CSOIN(E PHI) CLLI 750 
RETURN EL 5 

9 F1NT-AINT(TDP1PSI) ELLI 770 
CUIT.*ASS4S* N(PS0I) StVN(F INT P 12)) ELLI 730 

E-GIGN(CEPHI) ELLI M~ 
IF (PSI-GEP12) GO TO 11 ELLI SW 
OENOM-1.- SINIPHI) ELLI 810 
IF (IDCNOM.EO.0i.OR.IDCNO)M.ICO.2.)) GO TO 11 CLII 320 
F-.5SALOG((2.- DENOM)DEIKAA) ELLI SW 
RETURN ELLI 540 
ENTRY CELLO CLII 360 
PHI=P12 ELLI 660 
IND"l ELLI 870 
GO TO I ELLI 330 

10 STOP ELLI SO 
RETA$RN ELLI 9W 

11 F4SIGN1(1.E294PHil CLLI 910 
STOP ELLI 920 
RETURN E LLI31 

SUBROUTINE C9NFOR%?JXP.YP.IP) CONEF 10 
C c (NyWF4PWAII MAI'PIVG; PA4(W(OV 20o 
C SUBROU-TINFS REQUIRED (nn COVE 30 
C CONFORM CONEF 40 
C -A TAN). COkVE ?0 

C 81)RZ C'ONE 70 
C QI', COVE 810 
C ECS.W COVE g0 

C' F(WI),~URO lEE ALL. CALCULIATIOVS ARE ARE DOiVE INV CORE CONE 100 
C I/DRY. lEF (;ENERALIZED BOUNDARY DATA ARE WJED CONE 110 
C P1 VOTL- IEE THE- DO LOOXP IN CONEORM ENDING AT COVE IZ-T 
C STATEMENT 28 IS LE-FT OUT COVE, 10 
C ('ONE 140 
C' COVE 150 
C IARIABIFPS UISED.(OFlV /0O 
C (YOWE 170 

C X, VICTR FBUDR ONSCOVE I SO 
C JXNW) . YAWIp UNIT NORMAL VECTOR AT X(XI). Y()) CONE 190 
C G(I) CUR IA 7TURF Ar (X(If.Y (I) CONE zoo0 
C XI. YI I'WTCORS OF POINTS ON BOUNVDAR )* INTERMEDIATE TO X. Y CONE 210 
C tXLV1Ij. YVINIIf UN'IT NORVA L AT I TH INTERMEDIATE, BOUNDARYV POINT CONEF 220 
C KVIl) iS5 TliE NUMBER OF BOUNDARY POINTS ON THE. EIRST' THROU.GH I- 1ST CONEV 230 
C 801 NDA R)V SEMTOV CONE 240 
C NIX- TOTAl. .VUMBER Of' BOUNDARY SEC7IONS CONE 250 

IX'(M) LANG 171 OF .A1 171 BOUVDARYV SEC7T0ON SET LV SUBROUTINE BDRZ COVE ZeW 110Mb4f A RU IVGTII SPAC'INt; BETWEEN BOt' 'VDARYV POINTS ONO M TH SECTION COVE27 
C N=KiYNVDC.I1) TONI 'NUSIBER OF BOU-NDARY POINTS CONF 28q0 
C F I- AT ExITFEROM LAPlA4CE E STORES SIG4A AT BOUNDARY POINTS CONE 290 
C (X(/). Yq)) ./=13%, COVEF 300 
C 2 DLRI VG COMPUTA TIO.VS F ST'ORES RIGHT HA ND SIDE OF M4A TRIX CONEIV 31 0 
C EQU;ArIOV ('ONE 320 
C IP EQAISA $) 0 OR INTERIOR PROBLE4. I FOR EXTERIOR PROBLEM CONEV 330 
C..-.CONE 340 

DIMENSION A(630 AA(U CONEF 3500 
COMAMONJ MODEl IN CONF 330 
COM4MON4 ICONFI F(63&XO.Y0,C0163W1.CN(S30).KV(210),HD42I0.GISW), CONJF 370 

1 X(630).XN(630$.Y(60),YN(630.Xi(63.XiN(630.YI(63W).YIN(630.ND CW4F 330 
2 CMN CONF 330 

CCOAMON IZLAPI V.0) 12),H)HSA1S2.HCO3MI .H)SZZ,BZ.DP.ARME1MSM.FB CONF 400 
1 ,S0,ZE.Ri.w CONF 410 

C~OMMN ILflI DC(210) CONF 420 
LOGICAL BZ,IT,T1,T2 COIIF 430 
EOUIVALENCE MACN). (AA.CD) CONEF 440 

C TilE' I OICAl VAIARL4BL B?=E MEANVS THE PROBLEM HIAS BELW CONEF 43O 
C RI'N TO ('Ot/I.t r74A CO0VE 4AIl 
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%Z=J. ~~~~~~~~~~~~~~~~~CONF 470 
IF IIP.NE1lAtO-IP.NE.01 STOP CONF 48O 
XO-XP CONF 490 
YO-YP CON F 600 
IN-IP CONF 510 
KV(11-0 CONF 520 

w I ~~~~~~~~~~~~~~~~~~CONF 530 
IF IIPNE.11 GO TO 1 CONF 540 
xo-o. CONF 660 
YO-0. CONF 660 

1 CALL SDRX IM*.Z1,22.fl.Z42Z) CONF 670 
C READ BOUNDARY DATA CARD CORRESPONDING TO SEC77ON M. CONK. .580 
C ZI-v0. LVPLItS A BLANK CARD CONKi- 5i90 

IF ZIZEMO.J GO TO 3 CON F GM0 
NDC4I CONF .10 
KVIM1I)KVIMI,IFIX(Z2I CON F 620 
HDfM)-DC(MIIFLOATIKVCM.1I. KVIMI. 1) CON F 630 
M1-KVIM) I1 CON F 540 
N-KVIM* 1 CONEF 660 

C THE. FOLL OW4ING DO LOOP GENERATES BOUNDARY A,XE) INIWIEDIA 7l POINTS CONF 660 
C F'OR SECTON 11 CONF 6 70 

0021 L~ 1.1N CONF 660 
Z-AMIN 4iD(MFLOATIL. M1PQHDIMII CONF 660 
IF IL-NE ~9N1) CALL SORZ EM,. C.5ND(MI,XI(L),YI(U.YINILI.XIN(L). CONF 700 

1 A) CONF 710 
CALL BORZ IM.Z.XILI.YILI.YNILL.XNILI.G(Lfl CONEF 720 

2 CONTINUE CONEF 730 
M-M 1 CONF 740 
GO TO 1 CONF 7500 

C LA4ST DA TA CAR D FOR THIIS COMPUTATI7ON HAS BEAN READ COfVF 760 
3 CONTINUE CONF 770 
C ALL DATA REID, START ?A VNERA TIP/G EQUATIONS CONF ThO 

DO 4 KO-1I.N CONF 790 
C CO*JP17F AND STORE E4CH -ROW OF THE MATRIX A AND VECT'OR E. CONF 800 

CALL FN IXIKOP1Y(KDI.S.CI CONF 610 
C ?4ACI CALL. TO EN GENERA TI' THEf LEFT HAND SIDE OF THE KtD TN1 EQUA liONl CONF 820 
C AND STORES IT IN CN CON/F 830 

F(KO)-.5*ALOGIIX(KDI- XPI**2.(Y(KWI VPI fl CONF 640 
C ECYW TRANSFERS ROW OF MATRIX TO SUPPLEMENTAL STORAGE. CQVF 850 
C DISK. CORE'. TAPE. ECS. AT USE`RS OPTION CON/F 86 0 

CN(N.1)-1. CON F 870 
4 CALL ECUW ICN.KD,1N.INI CON F 600 
C INSERT TIlE CORNER CONDITIONVS CONF 890 

DO 10 M-1.NDC CONF 900O 
M1--tZV(Mw.1 CONF 910 

DO -Ls-1NDC CONF 920 
M2-KVILP.1 .CONF 930D 
IF IAISXIM2). XIM1l.A8fY(YM2)- YIM1U).LT1401M11lE- 41 CONF 940 

1 GOTOS6 CONF SO0 
S CONTINUE CONF SO0 

PRINT 19. MI CONF 970 
RETURN CONF SO0 

C A T THIS PO)INVT I T AWf ST BEf TR UE THA T THE END OF M. TH BOUNDA RY CONEi. 99 
c SECTiON JOINS TIlE START OF THEf. L 7TN BOUNDARY SEC77ON CONE/CNN) 
C 1AN.PI IS Tilt' AVGLE~AT WHI1CH THE CUR IF M INTERSECTS THE CUR VE L. CONF1O10 
e AN-ATAN2IYNIMl1PXNIM2I- XN(M1)PYNEM2n.XNIM1I*XNIMn.Y31M1r*YwM2 CON F 1020 

1 CON F 103 
IF IASIANI.LT.1.E- 4.ORAIS( 1.57079-AWfANIL.LT.l.11 4.OR.IN.E CONF 1040 

1 Ml CONF1050 
1 ) GO TO 7 CONF 1060 

CALL FN IXI(M2.11)Yu(M2#l.11.SCI CONF 1070 
AIN.11-1. CONF iSD 
CALL ECSWV IAMA21.NINI CON F 10600 
FIMMZ-.SlALOGIIXIIM2+11- XP1**2+(YI(M2. 1)- YP)121 CONF 1100 
CALL FN IXItM1I.YI(M115B.CI CONFIIIO 
AtN+11.1. CON Fi 120 
CALL ECSW IA.M1.1N.INNI CONF 1130 
FIM1I-.5*ALOGIIXIIM1I. XPP-'2N#YI(M11- YVPP121 CONF 1140 
00 TO 10 CONFI114 

7 ~~~~~DO S L1-1,N CONF 114 
S AML1)-0- JZONF 1170 

AIN.1k-* CONF 118 
CA LL EC$WV IAAl.M1.N+INP CON F 11510 
FIM1P.0. CONF 12 
IF IASS4ANL.LT.1.E. 4.OR.IN.EO.11 GO TO 9 CONF12IO 
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CALL EC$W (AM2.N.ZIMN COUF 1220 
F(M2P'O. COEF1230 
CALL ECW .,MiMi1 C014F1240 
CALL EC> (i.MIM2,12I CONF 1250 
(G0 TO 10 CONF 1260 

9 CONTINUE COF 1270 
C ANGLE BETWEEN TWO BOLWDARY SECTIONS IS ZERO, HENCE SIGMA IS COCL'M280 
c Til SAME AT BOWH ENDPDINTS CONF* ?90 
C I IN A(Af IAf:) CONF1300 
C I IN AOMI. I) CONFIJIO 

CALL EV ( 1..M..`1M21P CONF1320 
CALL ECV (1.M1M1.1P CONF1fl0 

10 CONTINUE CONF 13i 
DO 12 M-iNDC C CONF1S0 
Mi-KVIM)+2 CONF1MO 

MZ-KVCM. 1 CONF 1379 
DO 11 JS1.A2,2 CO F13i0 
CWfJl-4.*HOWP IF 1390 

11 CNLJ M1kV2.-HD(IM CONF14W 
CNM1I l1} 1}0, CONF1410 

12 CNIM2)40MI COeev 1420 
CN(N.iP-O. COEWFi4SO 
IF (IN.EO.I CALL ECSW CN .1idCONF 140 
F(N+i kG. CONF 1450 
L-N+N CONF1iM0 

C SOL IA' TIIE MA TRIX AQUA 770N A F-D USICN GA ULAN EIM.WINATION C.VF1470 
NwA-I- I CONF1tWO 

DO 17 J-1.N CONF-10 
M2. 1 1 CONFIS10 

C THE FOILLOWING 14 STA TEMENTS ARE FOR ROW PIVO77NG ON THE LARGEST CONFIS10 
c EL-EMVT Of THE 1. TEl COLLrM.V. CONFISO 

CALL ECSA (TJA.1P CONFiS30 
T-ADS(T) CONF 1S40 
M1-J CONF ifl0 

DO 13 I612.L CONF 1OW 
CALL ECSA (Z.I,J.1P CONF 1570 
Z-AB$(ZI < CONF151 
IF (Z.LE.TI Oa-TO II CONFIWO 
T-Z CONFiWO 
Mi-I CONF 110 

13 CONT INUE CONF It" 
CALL ECSR (AA4JJM1J,L+-1J CONF130 
IF (Mi.-00 1 09 TO 14 CONF14 
CALL ECSM (A(JIJ,J,L*i*J} CONFiMO 
CALL ECUV (A(JLMi,AJL*1.J CONFiWO 
T-FUJI CONFi070 
F(J.sF(M11 CONF169W 
F(M IP-T CONF 1600 

14 FUk-F(JIIAA(J) CONwF 1 701 
DO 15 I-J.L CONFFI710 
K-L+J- I CONF 1720 

1s AA(KIFAA(KO/AAWJU CONF 1?M 
CALL ECSO (AA(J.JA.,L.1- .1) CONFI740 

-DO 10 14612.L CONOF17S0 
CALL ECSM (A(JP.IJ.L.1.JI CONF 1700 
CALL PIVOTL (A.AAM2.LI CONF1VI0 

c CONFI 780 
C ................ OACHINE LANGUAGE REPLAMCEMTNT........ CONFI 790 
C THlt PREVIOU'S CALL. IS TO A MACHINE LANGUAGE CODE TO REPLACE. CONFI8O0 
1 THE LCCI DO LOOP BELOW IF THIS CALL IS REMCOVED. AND THlE- CO%F1R10 

COMMENTS REMOVED FROM TUE E DO. THE CODE WILL BE ALL FORTRAN CONFIR2O 
C DOZfl Mt COlVtIRSo 
C 2 S ,4K/ -A(A.' .4 A(XI/'A(J/ CONF1R40 
C .........MAC4fINE I.ANGUAGE REPLACA CEME.............. CONFI8S0 

FW*)F(IP- F(J)-A(JP COFIMP16 
10 CALL ECUW (A(Mfl.I.M2ZL.1 M2) CONIMP17 
17 CONTINUE BAA(US1[CONFIss 

C THE' FOLLOWING TEN STA TEMF%TS ARC FOR IAI SB.TIMON CO.VFISQO 
CALL ECSR (ZS.L.L.1) CON F i9OO 
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F(LI-F(L)IZS CWNF1910 
CALL ECSt /l.1,, co 

DO 18 1-2.L OMF 
N1-L*1- I c 
CALL ECSR (A(N 1P,N 1,N1 .L+ 1 N 1i CONF 150 

iso 13 J-1,1 COIF1P0 

L1-L+*1J - 0mFiOSO 
16 FINlI-FINh) F(Ll3A(L13 0mWF150 

Z=,F. CONF2000 
RETUN CONF2@10 

C CONF2020 
FORMAT (UN THE BOUNDARY IS NOT CLWED AT THE END OF SECTION .12) CONFZO 

ENO CONFZOW 

REAL FUNCTIONATAN3(Y,X) ATM43 10 

ATAN3.ATAN2IY,X) ATN3 W0 
C THIS ROLT1NE C(tVPUTS THE ARCTAN OF Y/X. THE COMPLICATED LOGIC A TN. 30 
C LVSURES THAT THIS FUNCTION IS AL 1A YS INCREASING AS THE CURVE A TN3 40 
C IS TRA V"ERSED IN POSITIVE SELSE IF THE DOMAIN IS CONVEX A TVJ SO 
C IF THE SITUATION O.1O. OCCbRS WE FORCE THE ANGLE TO INCREASE A TN- 60 
1 IF (A3S4ATAN3- ANGPRELLT1410) GO TO 3 AT3 70 

ATAN3ATAN3+2.3.14S2635 ATN3 o 

GO TO 1 ATN3 90 
ENTRY ATAN4 ATN,3 100 

ATAN3O0. ATHS 110 
ANGPRE-ATAN2Y,XI ATN3 120 
IF (ANCPRE.LE.1.E 12) AN0RE-ANGPRE*2.34135S ATH3 13 
RETrURN ATN3 1t0 
ENTRY ATAW5 ATN3 10 
ATANS-ATAN2IY.X ATN3 160 

2 IF (ATAN3GT.AN0RE+.0S3 GO TO 3 ATN3 170 

ATAN3OATAN3.Zt3.141WS63 ATNS io 

GO TO 2 . ATS3 19 
3 At4PRE-ATAN3 ATC 20 

RETURN ATI 210 

END ATN,3 220 

SUBROUTINE FN (S.T,R.Th3 FN 10 

C FN SER IES DUAL FUNCTION F.t 20 
C 1 GLEERA TE ONE ROW OF MATRIX. AND RETURN FN 30 
C 2 COMPUTES (R TN) CORRESPONDING TO INPLU (S.,7 FN 40 

LOGOCAL SZ,RI.SO FN 0 

CON nLAPI V,0412U)6HJ4502COSMI1SZZSZO.JM ZARtM1S.FS FN 60 

1 O2E.RI.W FN 70 

CODON tCOdNFI F(f).XO.YOCDS3W.CNIUI.KV1210.O2103.G16301. FN o 

I XIGJ,Xfl630$,Yf0WXtY 6Xl,GMYNf)O"YIfWYINh63CNO FN f9 

2 CA FN 100 

COMPLEX GP FN 110 

IF (ABSIfXlI-SASIWY(1 OTEGE.tiE -HOrI)) OMATAN4IY(1Y T.X 11S FN 120 

1 }FN 1. 
IF IAsSIX(13S3+.AIY(13T)LT.1.E-rfrIl)) GM-ATAN4- XN(13 VN41I Ff4 1t0 

1 t o FN 150 
0M-HIM0 Ff4 160 
PiT Tilt VARSBI.ES IN COMMON. FA 170 
V46 FN MM0 
W-T -Fit tSO 

DO 1 MEO-1,P0C Ff4 2_ 
INSITIALIZE VARIABLESFOR THE ROtDAINE QV FN 210 

MO--KVTME +01 Ff 220 

MEl-KVEMEO' 13. 2 FN 2Z0 

HsHDIMEW FN 240 

ZZ-ALOG(HI FN 2O 

HS02-4* 212 FN 25 

HC03-t4 3/3 FN 270 

TPIH2-M(3-1415926S5MWSrHSO FN SO 

TPIH-SlPIH2 FN 2W0 

HS-HO#O2. FN 30 
NS2-t"HS FN 310 

H2-2,.@H Ff 320 

HS33H FN 330 



CONFORMAL MAPPING 8 
HAYES. KAHANER. KELLNER 

HI-i/JH FN 340 
o,mSM'1-HS FN 350 

M1b 1 AS02 FN NO 
lE/(46.43I34I S FN 370 

CN(MWlCDMOMMo FN 380 
C THE ENTRY POIN7 Q2FF INITIALIZES VIARIABLES USED BY QI' VW 390 

CALL OVF (MO1 FN 400 
C STORES MATRIX ROW IN CV VA 410 
c BQ tA 1SF - .CMPTE INTEGRA L THE- iONG; WA Y- POL YNOMIA L RENLA CEMEYT kW 4210 
C SQ TR t.rf COMPTTE INTEGRAL THFE SHORT WA Y SIMPSaVS R ttL W 430 

O-.F. FN 440 
DO 1 M1-MIE1.2 FN 450 
CALL OVS (M1+1P FN 460 
IF (SO) GO TO 1 FN 470 

C QA1b. A-O.2 CONTAIN INTEGRALS O T*K*THFTA FOR 2 ABOV'E 1V 480 
C Q('K4) A-0.1.2 CONTAIN INTEGRALS OF T*KrLOCjRj FOR 2. ABOV'E. FN 4 
C- OR R SMAL.L. RELATIVE TO ff t, 5' x 
C C.YV(K7 INTEGRA L OF PIECEWFSF POL)YNOWIAL Of DEGREE . 7AMEIS LOG F% S/0 
C CD(Kj I.NEGRAL OF PlECEW7SE POLYNWOMIIIL OF DEGRFE 2. 7NES ARCTAN. FbY 32 

fl.O(3P* H3rO42P+HnSrO1 FN 53 
fT-0(GP- H3rqI5+HSMO4P FN 540 
CDM1.+ 1-H2OQ2P O-(Q3P FN 560 
CNMi.1+eH2"O(S, OEOP FN $60 
CDM1.+2).O(3P. H80(2P FN 570 
CN(M1.2k-0(P. HOI5 FN 560 
CALL OV M1M+2P FN SW 
CDt1MCOMI1N+3TT+G43I- H*0(2PTPIH2 FN GM 
CN(M1P)-CN(M1P.TS+.GIGP H*0(SHTPIH FN 010 
CDM 1.* 1-CDtM1M1 .O(1p1gS 0}3HTPIH2'02. FN 620 
CN0M1.1P -(CNMI+1.?.4p*HS. GWOPl*TPIH*2t FN SW 
COIM 1.2HCD2)+C(M1.M03)+HO42WTPIH2 FN 640 
CNd (2 1)2P-CCNM 1*21+0(P.+H*O45W*TPIH FN 650 

1 CONTINUE FN 660 
IF (SZI RETURN FN 670 

C COMPUTXE APPROXLMA TION OF C AND It BY COMPL'TIG DOT PR0,RODUCT OF bY 
MtO 

C- SIGMA WITH CV AND CD VA 490 
DO 2 I IN FN 70 
GM-GM CNPl(M"F(MW FN 710 
HM44W+,CD(M)`F(MI FN 72 

2 CONT E FN 730 
GPCt*f.- XO.T- YO*CEXP(CMPLX(GM F(N+iP,HM FN 740 
ROCABS4G FN 750 
TH-ATANPMAMAG(GIPR)EAUGPP FN ?W 
RETURN FN 770 
END FN 73 

SUBROUTINE BDAZ (MS.X X.YY,XP,YPAP BDRZ 10 
C GISEN IXPCT-M-BOUNDARY SECTiON. S=ARCTEXGTH ALOQG THAT SECON BDRZ 20 
c OUTPUT XXYY.XP. YP.G. =COORDINATES OF POINT . DXDS. DYOS. AND BDR/ 30 
C CUR V'A TURF BDR/ 40 
c BDRZ ENTRY SETS UP DATA POITY ON 0 BO(UNSDARY CUtRV'E AFTER BDRX PICKS BDRZ 50 
C TYPE OF SECON BDRZ 60 

COMMON ILTT/ OC1210E SDRZ 70 
C 17E Ft.VC"TIO,v ABE IS USED TO DETERMINE If A CARD FIELD IS BLANK RORI 80 
C ABF- I IF 4.ND ONY It X- 0o BDR1 90 

AUEXP-A0SEXPlWGNEI.,Xp SORZ 100 
WCMtNOW A171 BORZ 110 
COWLEX Z2,Z3 BORZ 120 
EOUIVALENCE (AEl,ObMP. 1A1313AL)U 1A1A4BEI. tAI.R WAESOP. ( SORZ 130 

1 AEfl.GA1I BORZ 140 
CALL ECSR7W (AM.0J7 SORZ 150 
IF EGM.NE.O. GO TO 1 BORZ ISO 
IF (SIGNI11.GMPNE.- 1.i GO TO 2 BOAZ 170 

C C,4Lt BDRYV IF THE BOLUDARY DATA IS (;LENERAIM.IED BDRZ /In 
CALL BORY (M$SXX,YY,XP.YPlGP SORZ 190 
RETURN SORZ 200 

C GE VtR4ATt B1ONVD.4R)Y INFORMATION tOR CIRCULAR ARC BDR? 210 
1 XX-RCOS(O*SM+GA 1frAL BDRZ 220 

Y -R*S1N(OlSMR GA 1kS4E SDZ 230 
XPJ, VYY BEPO/R j BOAZ MO 
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YP-IXX- ALIOIR SDZ 2O 
GO TO 3 WAZ 2o C GENERA TE BOUNDA R Y INFORMA TION FOR A ULNE SEGMENT BDRZ 270 2 XXeALvS+O OZ SO 
YY-6ESR BSORZ 29 XP-AL smz a 
YP-SE SOZ 310 3 G-GM WRZ 320 
RETURN ORZ 330 ENTRY BOAX SDZ 340 C ENVTR Y BDR X RIADS DATA CARDS A ND DECIDES IF BOUNDARY SEC`7ON Is BDRZ 3.50 C LIVE. CIRCULAR ARC OR GI '[N EXPUICITLY BY USER SUBROUTINE BDRZ 360 XX-0 BDRZ 370 C READ BOUNDARY DATA CARD BDRZ 380 4 READ 11. X1.Y1.X2Y2.X3.Y3,KV WDRZ 390 IF IASEIXI)+ABE(Y1P+ABE(X2)ABE(Ym)+ABEIX3.ABE(YS NE.t-6 GO TO soZ 400 1 5 SRZ 410 IF (SMAEl RETURN WRZ 420 C IF ANY CARD IS BLANK EXCEPT Tiff FIRST ONE. RETURN WI? XX=CO BDRZ 430 GO TCIi - s XX 1. BOR 450 
KV_MAXmZKV,3frMOD4MAX0KQ.3).2n- 1 BORA 460 C REQUIIRES NUMBER OF POINTS ON A SETON BE 3 OR MORE AND ODD BDR \70 
YY-FLOATI KV}*.1 ImZ IF (MOO(MJW.SEO1. PRINT 12 ' eZo C 55 LINYES PER PAGE, NEW HEADING ON EACH PAGE BD S IF IASE(Xl +ABE(Y1)+ABE(XZJ+.AEIY21.ABE(X31.GT.- Si GO TO 6 so C TlJls SECT1O N HAS GE;NERAIMED BOUN;DIRY DATA BDRZ 52O PRINT 13. M.Y3,KV BORZ 530 CALL ECSR7W (- 0,M.1.1) BORZ 540, C ECSR7W IS ENTRY POINT TO ECSW. WRITES 7 WORDS LVW ECS. BDRZ 550 C CORRESPONDING TO ONF BOUNDA4RY SECTION. FOR GENERALIZED BOUNDAR) BDRZ 560' C THIS IS WRITTEN AS - 0. BDRZ 570 
DClMP-Y3 SoRz SW IF (OCEMPOGTAO RETURN )SRZ 58 
PRINT 14 SORZ G0 STO SORZ 610 6 IF IASEIX1P+ABEIY1P.NE. 2.ORM.ELI) GO TO 7 BORZ 620 C CHECK TO SFF IF BOUfiMYKNECTION IS INVE OR CIRCULAR ARC BDRZ 630 

C It FIRST Th'O FIELDS fl.AN.VBOUNVDARY SFCT7ON STARTS ArT THE BDZ 640 c END OF LAST SECTION ORZ 650 Xl XO oZ *0 
YV1YO RRZ 670 7 IF IASE(X31+ABEIY3).Ea- 2.1 GO TO 6 SDZ SW PRINT 15, M.X1.Y1X2,Y2.X3,Y3)KV SORZ *0 GO TO 10 S DZ 700 C PROCESS BOVVDARY DATA BDRZ 710 C / BDRZ 720 a PRINT 16, M,X1.Y1)C2.Y2KV SRZ 730 C THIS SEC`I7ONV 1-OR PROCESSI BOUVDARY CARDS HA IING LLNE SEGMENTS BDRZ 740 
GM-MmB.ORZ 750 
F64ORTII X21**2*(Y1. Y22 **2)BRZ 75 
D-X 1 SOn 70 R.Y 1SOZ 70 
AL-(X2 X1P/F SORZ M 
BE-tY2. YiP/F SORZ SW 
XO-X2 SOZ '810 
YD-Y2 SORZ 620 9 CALL ECSR7W (A,M1. SORZ 830 
DCIEM)F SORZ 640 
RETURN SORZ 50 C rIllS SECnOAV IS FOR PROCESSING BOUNDARY CARDS HA VING CIRCULAR A RCS SDRZ 840 10 R2-IX12.Yl*2-. IX2t2Yr-2 BSORZ 670 
R3-(X1- *Y1-*2P. tX3*2*Y30*2) BDZ no DET-4.l(xlX- X2)`Y1. Y31. (Yi. YZPIX1 X3)) son no 
AL=2*1(RZ)P*Y1. Y3) IR3)*Y I"qDET SOZ 900 
BE-2.'IIX1 X2R'R3.X1.X3rlX; ET ORZ 910 
R-SORT(IX1- ALP**2*Y1 O RZ 620 
GA1=ATAN2(Y1- BEXi- A RZ 930 
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Z*mCfLXIX 2 AL.Y2- BEP/CWLfXIX1. AL.Yl. SEP SORtZ 9MO 
ZS-CWVLXIX3- ALYS3- BElCMPLXIX2. AL.Y2. SEP monZ a5 
O-SIGNII1.AIMAGIZ2PP SORtz 360 
T 1.ATANtCtAIIhMAGlZ2P.RlEALlkt) snZ 970 
T2-ATAN2tAlIAGIZ3P,REALZ3PP SORtZ SO 
IF fABSIT 1 PGTA38S4T2)P D40GlI AIlMAG,(zmP SORZ SO0 
F-IATAN2IY3 BE,X3- AU) GAI1PRO SORZ 1000 
IF IF.LT0P) F-F't.2931863071708R montIoio1 
XD-X3 BORZ iflO 
YD-Y3 BORZ1030 

GO TO 0 SORZ 1360 
C BDRZ 1660 
11 FORtMAT (661E00,O13) BORZ 1070 
12 FORMAT (1ISECTIONt72X.*Y3. OR SPECIAL POINTS I N mantZIa0 

1 */r NUMIBER s,X.X*x X.ux*vYi*.n2x,* Xr"1.ix*vr,u1x.*X3.xr'sxaajw SDZOn i 
2 ARY LENGTH SECTION *P SOZ I 1G 

1 3 FORtMAT IIH I3.74X.1PE144,12X.I3P BORZIIIO 
14 FORMAT 1*0 THE NEXT SOUNOARY SECTION HAS NGN-POSITIVE LENTH* BSRZ 1 120 

1 PBSfiZ 1l13 
1 5 FORtMAT (1H I3.4X,lPlEl46,ZX10X,13P BORZ 1140 
16 FORMAT IIH I3.4X,1P4E14.6,40X,I3P SORtZ p50 

END 'BOR;q1180 

SIJROIJTINE CV lip CV 10 
LOGICAL BC CV 20 
COMMON IZLAPI V.C(12P.H.HSMS02J4.H4WM.HIS,ZZ*IZ,OPAR,MErHSM,fB ov so 

I EC,ZE.RI.W CV 40 
* COMMON /CONF/ F IS),XO.YOC$sPW.CNW0PI.KVt210.H~W210),GECOP. CV 50 

1 XISZOP.x14l%3.vYSSOPYNIO30I,XI 1630X1N(630.YIfW30.YIWMS3O.ND CV s0 
2 CMN CV 70 

DIMENSION HPI 13P CV so~ 
C THE. VARIABEES R3 AND AU3 ARE -STORED FROM A PRE VIOL'S CALL TO QI".Q 90 
1 ALl-cAL3 OV 100 

A 1.R3 CV 110 
SC-.F, CV 120 

C THE VARIABLE'S RI.R2 AND Ri ARE WED rO CONSTRUCT THE POLYNOMIAL Qs' 130 
C Q(T,1. FOLLOWING EQ. (9) OF THE WRITE. UP. QV' 140 

R2-IXIIIP. VP**2+(Y`I(IP W1**2 CV 150 
R43-(XII), YP**2+(Y(lP- WW*2 CV s60 
AL2-(XI(IP.VPlXIN(IP. (YIIIPPWPYIN(IP CV 170 
AL,3=X(It.VP"XN(IP. (YElP- Wlf'N(lP CV 1S0 

C THE, FOLLOW/KG TWO STA TEMENTS ARE USED TO DETERMINE IF AND WHERE QF /'90 
C Q(T)=0- QV. 200 

IF IIRI.GIE.P4SIP.ANO.IR2AGE)1,4NR4 3GE.HMPP GO TO 2 CV 210 
C THE FOLLOPANG TWO STA TEMENTS AftE USED TO DETERMINE WHERE Q2(Tj 0.Q 22 

IF 11R3LT.14V1.E- SE.OR.lI1.LTMV1A.E9P GO TO 10 CV 2)0 
IF 1R2-LT.HS61.E4P GOTO IS PI CV 240 

C THIS SECTON OF THE PROGRAM EVALUATE-S THE INTE-GRALS I,V EQ. (9) QV 2,50 
2 A-11R1+R3P- 2A*R2PHIS CV SO0 

14`R2. 13.*R1.R3IPHI CIV 270 
AL-IAL1.AL3- 2A*AL2PHlS (I SO0 
BE-I4A*AL:Z- I3AL1.AL3$PPHl CV 230 
ELC-EL aV30 
EL-ALOGIRS) CV 310 
IF 1A8S(AP.LT.RV*HIV1.E.4P GO TO 7 CV 320 

C IF A"H"4 IS VERY SMALL CLWfPARED WITH RI AND OWVE W&ES THIE EXPUJCIT QI' 330 
DC EVALUATION OF THE IVTEGRAL.S. THEN ROUNDY OFF ERROR WILL BE A PROBLEM QS 340 

P-.4)A41.- SB CV O5 
E-2A*R 1BSH CV 3M0 
PSm4MTIABM(PPP CV 370 

C THEF FOLLIOWING TWO STATEMENT DETERMINE W7IETHER THIE DISCRIMINANT OF QI~ 380o 
C Q(T) IS POSITI1VESNEGA TIVE OR APPROXIMA TELY ZERO. Q1I 390 

IF IP.GE.HV i.E. UP GO TO 4 CV 400 
IF IP.GE..14V1.E-SP GO TO 3 CV 410 
COGA LOG IIE .HWPSP/IE H'PSPP)/PS CV 420 
GO TO 5 CV 430 

3 0002flHVE CV 440 
GO TO S CV 450 

4 CO02.ATAN2fHWPS.EPPS CV a0 
5 E-IJA CV 470 

ZZZ-ATAN43IYIIP- W,XIIP. VP CV a9 
01tS5E*IEL- ELC- B*(CM CV a9 
C2-E*IH. B*Ol APOOPI CV 500 

C4mEIHCO3- B*C3. RPO*2P CV 820 a6 C-E1fH*4/4.- B*C4- R1.C3) . 
V 530 16 

O(ZHALO4EWO2.ALP*OS/- 
d 

orzzzCV SO rig%%-Al 41*%oul'sLmw%%Ovv 
v a 
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044)BELH- 2.A02- BGOl OV 570 
OE5Y-L9N902A* A0 0.5302 v ISW 
016?-LInC0-2 EtA*044OCLI333*33333f3303 OV Go0 
RETURN OV 600 

C IF BH IS ALSO SMALL IN COMPARISON WW RI THEN ANOTHER METHOD IS QYs etO 
C NEEDED TO EVALUATE QO,QI.....Q4. Qr 620 
7 IF EASElB).LT.R1I*I1-E3 0o TO 8 OV 63 

ZZZ-ATAN3YQ)- W,Xii)V) OV 640 
SE-Is OV 650 
O0d1 ALO4E1.+BrHRn) OV 660 
01-OEN*f- R11*ow OV 670 
O2-B11H@02- RO1 ) OV Soo 
CWIN * 003- R 1 *02) 0 
O40SI*IHS0r22- RVO031 OV 700 
Go-GIglN5h5.- Rn1i.o OV 710 
GO TO 6 OV 720 

O 9 -4,12 OV 730 
9 HNPWI1)-HI**JIFLOAT)1 OV 740 

ZZZ4AT YI) WI,Xf V) OV 750 
OV 760 

P-AIR 1 OV 770 
EOIR1 OV 70 
05-(HP7). EHPIS)lEE- P)PNI9)*+E12. 1 EcE *u 10m* p- &3EEH CNV 7n 
P Pll) 3.UE*PPf*HP12)- EP*31flPEI1`l/U1 OV SW 
04.IHPIw. EW7HIEEP E*E)*HPE9W'r-(P V- E-EHP OV 3 w 10 

I 110- 3.E *P *PH4 P 11P) *3H *HP12))/R OV 320 
O3-HR4/14.*R1)- E04 P*6 OV 330 
O2NCO3IR 1. E03- P*04 OV 540 
O1.NS021R1. E*O2- P.Q0 oV no 
OOH-R 1- EO*1 P*02 ov 
GO TO OV P0 

t0 IF 1R1.LT.NS*1.E6) GO TO 11 V SO 
C 1N THIS CASE R? IS ZERO. QV 89 

AL-EAL1/R1+GfI- 2.AL21R2)*Hl$ OV 300 
BE-14.AL2R2- 3.AL1/R1 (GI)*H1 OV 910 
ALIAL1/R1 OV 920 
A-R lMS OV 930 
BS-ESR2. 2.R1I)/fH3) OV 9O 
Z1-I. oV S60 
ZZZ-ATANS XNII).- YNII)) OV 950 
GO TO 12 OV 970 

C INV THIS CISER kIS /ZRO QV .980 
11 AL-IGll 1)+AL3IR3 2.AL2/R2)fHl1S OV SO 

SE-14.AL2JR2 3AG1I 1) AL3I3P*HI OV 1000 
ALI1-Gil 1) OV 1010 
A-16.-R2 R3WS OV 1020 
B-2A1R3 4.R2)/IH*3) OV 100 
EL-ALOGIRS OV 1080 
zs-a OV 160 
ZZZ-ATANSIYII). W,XII). VI OV 10 

12 O1-11*j/A OV 1070 
P-ALOGIA)+2AZZ CV 1600 
RI-i. ov 10 
O2-01**2 OV 1100 
03'r01 C 1110 
IF IASSIO1.LT.16E. 4) GO TO 14 CV 1120 
E-ALOl; 1*01) CV 1130 
014)-NIP- 2.*II.+.O1P E- 011/01) CV 110 
OIS)-H02I*P- l1.*2.*Z)*II2- 1.PE.0 0OS(12)12) CV 150 
O16)-HCOr(P- 12J&+3.*3Z)+3I IO1. I*E O1*.02- 03/31/X 3OV I11n 

13 O1Q)-1AL1WH4/4..BENCO3ALlON802)/31 ZZZ*H CV 1170 
A.12)-EAL*H1*5/5..BE*4w2**2.ALI*Hc03)/ERAl) ZZZ*H02 1180 
O3) - (AL *H * *s *H5 *t.4AL I4H4 */4I&R It1) ZZZH9)3 Q 1190 
RETUfRN 100 

14 014)-HPIP- 2,.101.S- 01/1602/12- 00660) v 1210 
oiw-.10o2-iP- I 1.2 flS)*1*I.SsSefe oWW 7-Q 0312.) &CV122/ 
oiGfrNcorIP 12J3..3.*25).1I.7 OrOl.016.03t33f23 
GO TO 13 CV 120 

c IN fl/IS CASE R. IS ZERO. THE VARIABLE G HAS BEEN COMPUTED JUST QV 1S50 
C PRFIJ10(S TO THfE' CAL. TO FN. IT IS NOT THE VALUE OF GUI) QI 1260 
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C CORRESPONDING 7: THE POINT (X(1,Y(1fl. QV 1270 
i5 AL-IALlIRi+ALYR3- G2.HiS OV 1*0 

BE-14.0G ALI/R 1- ALZ!R3WHI ov 1a9 
ALI-ALlIRi OV 1300 
R-1i. OV 1310 

ELC-EL OV 1320 

EL-ALOOIR3) OV 13 
Q14)#IHEELC+L1*-ti by is0 
015I4O2114ELC- EL. S.2SEFLI OV i* 
01-CO3V1EEL C -iL- 1itE333333W.i 'EU OV 13 
ZZZ-ATAN3(YIe W,XEiI V (IV 1370 

ao TO 13 OV 13c 
ENTRY bVf C i*0 

C THIS ENTRY POINT IS FOR INIT1AUZIVG THE VARIABLES AL) AND R3. QV 14(0 
AL3EX(I. i. VIlXN(i 1iIVII. i. WIYNII- i CV 1410. 
R.3)iXEI. i)- VI-2+.YWI. i W1-2 DV 140 

d IF (R3.T.0. EL-ALOGIR3I - DV 143 

RETURN -v 144 

ENTRY DVI - v 140 

IF lR3LT.50.HSI GOto 1 -V 140 
C IF RIO GE.50 15.W 77ENO' THE TWO INTERVALS TO BE CONSIDERED ONE QlV 1470 
C TNO GUANTEE THAT THE DISTANCE REMAINS GREATER THAN 5H. Q0' 1450 
C JilS S NOT T BEST POSSIBLE TEST. BUT THE LOGIC NEEDED FOR QV 1490 
C HE BEST PSSIBLE TEST IS RE1-ATVELY DIFF7CULT. QV 1500 

c TifESE I-RIABLES ARE USED IN THE CALCULATION BELOW. QV 1510 
If IF OTo.SZ GO TO 1 - V 120 

tR1-R3 -V 1530 

i12-IXII I V) 2(1YIIII W@12 Cv 1640 
RI>4.X W1.11V2.(YII1- IW122 dv 1560 
R II+1+e V)002*(Y111-1 tW)02 v@v lSS0 
R3o(XII+1I- VI 2.IYII)-i WI)2 CV 1570 
IF 11S) 00 TO 16 CV 1560 

C IN THIS CASE THE CONTRIB. FROM THE PARt OF THE BOUNDARY BETWEEN Q' 1590 

C (Xfl- Ij.Y(I- I)) AND (X(1#Ij.Y(I#Ijj IS ADDED TO CD(I- IJ Q-' 1600 

C AND CN1I- 1. QV -1610 
Cli- li-dCNII- 1zfE.ALOoIR1l IIR1 RIr*2ir 3RI3212)1t CV 1 
GO TO 17 V 1ao 

C THE TWO INTEGRALS STRED IN CD1- I AND CN(I- IJ EVALUATED IN ONE QV 1640 

C STEP. THIS IN VOL VES AN INTEGRA TIAV OVER THE PART OF THE BOUNDARY Qr 1650 

C BETWEEN (X(l- 3j.Y(I- 3)) AND (X(I4Ij.Y(I+Ijj. QV 1660 
16 CNIIi l1iZE.ALoGIR*IIRl1RgrRo2i-3IRIrRio3i)rM CV 1670 

C THE T7U IhTEGRALS STORED IN CD(IJ AND CN(Ij ARE EVAL. IN ONE STEP. QV 1680 

C THIS ONLY INVOLVES AN INTEGRATION OVER THE PART OF THE BOUNDARY QV 1490 

C BETWEEN (X(I- - jYIJ I)) AND (X(I.Ij.Y(II QV 1700 

17 CNlIi-ZESl.ALOGJP rRI2It r2R2i CV 1710 

C THESE FOUR V'ARL4BLES ARE STORED FOR POSSIBLE USE IN THE NEXT CALL TO QV 1720 

C evr QV' 1730 

RIO3RI2 CV 1740 

RIO-RI3 OV 175 

80-.T- OV 17 
C THE FOLLOW7NG STATEMjT ASKS IF THE POINT (X(I+Ij.Y(I+1) IS AT END QV 1770 

c OF TE BOUNDARY SECTION OR IF THE PONT IS TO CLOSE TO (V.W) FOR QI 1780 

C SIMPSONS RULE INTEGRATION TO BE USED .v 1790 
IF 1R3.GTX0*HIAN0.I- iJN El RETURN 

C IN THIIS CASE THE CONTRIBU"TS TO THE INTEGRALS CD(I*Ij AND CN(I#Ij QV 1810 

C MiOW THtE PART OF THE BOUNDARY BETWEEN XWI- I Y(I IJ AND (X(I+Ij. QV 1830 
C Y(Ij MEST BE ADDED IN NOWQ 1 

EL-ALOGIRI) CV 
Ism 

Clii+i.).ZE.IALOGIR3-IIRr&RI3mr*203IRIr 12) "2Vt CV iss 
RETURN CV iss 
END CV 1670 
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SROUTINE (A.I.AL1 Ecu' 10 
c-OON MO IN E 
cowZ FIcomr .0xo.fo~ofu(alw.vz1mAz1&ocaa ECSW 20 

1wo (0UX S301.JllXIl60.IN63.YIlmp.Y IpesM Ec' do 

1 SO.ZE.RI. E 70 C THIS ENTRY POINT WIfTES L WORDS INTO THE I- TH ROW OF THE MATRX A ECSW 80 C 0' STARTING IN COLUMN J. -fCsW 90 
KNEE - FECW 100 
P.41. SHNtWOn. 1+1470 ECW 110 1 CAL'ECWR (AM.LJ) E 120 
IF lJJ.EO.0 RETURN ECu' 130 
KN-CN. 1 ECu' 140 
IF (KN.GT.01 GO TO 1 ECu' ISO 
PRINT 3. LM 

EcSu 160 
STOP Ecu 170 ENTRY ECR SW 10 

C 1711S ENTRY POINT RFADS L WORDS FROMW THE t- T ROW OF THE MATRX A ECSW 190 
C STARTING IN COLUMN J. ECSW 20 4-1 1)IN.IN)J 1-1470 ECu' 210 

KNEE ECu' 220 2 CALL ECRO (AMlA.JJ ECu' 230 
IF (JJEO.0) RETURN ECSW 240 
KN-KN 1 EC 260 IF (KN.GT.O GO TO 2 210 
PRINT 4. LA ECu' 270 
SP ECu' 230 
ENTRY ECBR7W 230 

C THIS ENTRY POINT IS USED T0 READ -AND WRITE ECW 300 C SELDOM USED BOUNDAR Y DATA. ECSW 310 
M-7N11 1) ECu' 320 
KNS6 ECu' 330 
IF llEOl) GO TO 1 ECu 340 
00 TO 2 6EC4' 350 

C ECSYW 360 
3 FORMAT 14)4 ECS WRITE ERROR FLAG SET. TrYING TO WRITIE J3W RDORO 370 

1 S TARMG AT LOCATION .17,1H.) 30 
4 FORMAT 141H ECB READ ERROR FLAG SEt. TRYING TO READ 13 DS ECW 330 

1 STARTING AT LOCATION .17.1H.) ECu' 40 
END ECSW 410. 

SUBSROIJTWE tCRO (AA,IJAJ) ECRO 10 
C THIIS ROU77NE CAN BE REMOVED IF ECS. IS AVAILABLE ECRD 20 
C LEAVING THIS SUBROUNE IN CA USES THE ENTRE PROBLEM TO FCD 30 
C BE RUN IN CORE ECRD 40 
C IF THIIS SUBROU7INE IS RETAINED THE VECTOR A BELOW MUST BE ECRD S0 
C DIMENSIONED NNI+1500 I ECRD 60 
C IN TEST DECK 23404 - 148148 150) ECRD 70 
C THIS CORRESPONDS TO THE LARGEST N FOR OUR TEST PROBLEMS ECRD 80 

DIMENSION A12340U CR go 
DIIMENSN AA21 EcCRO 10 
Jim. ECRO 110 
11-1*1 ECIR 120 
12-I*J ECRO 130 
P-1 ECRO 140 

DO 1 K-I11J2 ECRO 160 
AAIM)-AIK) ECRO 130 
M- 1 ECRO 170 

RETUMN ECRO 130 
ENTRY ECWR ECRO 100 
?1.0 ECRO 200 

- P.F1 ECRO 210 
114.1 ECRO 220 
124.J EcRO 230 

DO 2 K-11.12 ECRO 240 
A(K-AAM ECRO 2O 
ml-W1 ECRO 20 

RETURN ECRO 27 
END ECRO 2O 
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IDENT MaCHUED MACN 10 
ENTRY PIVOTS. MACN 20 

......... --------- THIS MACHINE LANGUAGC ROUTINE REPLACES THE L 3 MACH 30 
LOOP IN SUBROUTtNE CONFORM MACH 40 

VFD 42ISLPIVOTL.1W4 MACH s0 
PIVOTS DATA 0 MACN SO 

MlI 82 MACN 70 
LA2 BOM MACH 00 

* USm 2 MACN 30 
IX3 X2.X1 MACN 100 

* SB? Xi M 110 
LB X3-I MACH 120 

* LA2 31-47 MACN 130 
LA3 5"4 MACN 140 
NO SSPlv4 MACH 1SO 

* * iS A2-I MACN 100 
LA4 A341 MACN17" 

* MI A2.2 MAC 130 
LA2 AS MACN 1,0 
oxo Xi MACN 20 

* LT B.SW"42 MACN 210 
PIVi MI Ai4S MACH 220 

SA,2 A2*2 MACN 230 
FXS xrxo MACH 240 

* FX-7 CXS ' 5 
LA.3 A3496 MACN SO 
LA4 A4+2 MACN 27 

* ' fX Xi.Xs MACN 2O 
FX? X2.X7 MACH 230 
"Xs SOXO MACN 300 
sus msme MACN 310 

* . NX? BLX? MACN 320 
MS Al MAC 30 
LA? A2 MACN 30- 
GE uempivi MACH 350 

PIV2 MI ADS MACN 35 
LA2 A2fl MACN 370 

* FXS XrXO MACH 300 
FX? Xrxs MACN 360 
FXS XI-Xs MACN 40 
fX? X2X? M1ACN 410 

* NXS SO.XS MACN 420 
S Al MACN 430 

NX7 BOXMA 440 
LA? A2 A 450 
GE 80S,RPOTLM 
LA3 A365 MACN 470 
MI Ai1- MACN 43 
FXS XrXO MACN 43 
FXS Xi- Xs MACN 50 
NXS BAOS MACN S10 

S Al 520 
FO. PIVOTS MACN S 

PIV4 Mi A2 I MACN M 
FXS XS*X3 MACN S0 
FXS X2 XS MACN 50 
NXS SO."S AC 570 
MS A2 MACH 90 
EO PIVOTS MACN-S 
END MACN @0 
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